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ABSTRACT. The document reviews the main properties of the integers, in-
cluding the division algorithm, the Euclidean algorithm, and the Fundamental
Theorem of Arithmetic, as well as giving several examples of proof by induc-
tion. We then move into modular arithmetic.

Modular arithmetic involves computing remainders upon addition and mul-
tiplication, and has wide ranging applications.

1. THE WELL-ORDERING PRINCIPLE

The set of natural numbers is N = {0,1,2,3,...}, as characterized by the five
Peano axioms. The main axiom with which we are concerned is as follows.

Proposition 1. (Peano’s Axiom)
Let S C N. If

(a) 0€ S, and

(b) neS=n+1€eS,
then S = N.

From this, we are able to develop two related tools for proving many properties of
the integers. These tools are known as the Well-Ordering Principle, which says that
every nonempty set of natural numbers has a smallest element, and the Induction
Principle, which says that if we have a sequence of propositions where the first is
true and others follow from the previous one, then they are all true.

Proposition 2. (Well-Ordering Principle)
Let X C N be nonempty. Then there exists a € X such that a < x for every x € X.

Proof. Let X C N and assume that X has no smallest element; we show that
X =g. Let

S={neN|n<zforevery x € X}.
Clearly SN X = @; if we show that S =N, then X = &.

Since 0 is less than or equal to every natural number, 0 is less than or equal to
every natural number in X. Since X has no smallest element, 0 ¢ X, so 0 < z for
every x € X. Thus 0 € S.

Suppose that n € S. Then n < x for every x € X, son+1 < z for every z € X.
If n+ 1 were in X, it would be the smallest element of X; since X has no smallest
element, n + 1 ¢ X; thus n+ 1 # « for every z € X, whence n + 1 < z for every
x € X. It follows that n 4+ 1 € S, and by Peano’s Axiom, S = N. O
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2. THE INDUCTION PRINCIPLES

Proposition 3. (Induction Principle)

Let {p; | i € N} be a set of propositions indexed by N. Suppose that
(11) po is true;
(I2) pn—1 implies py, for n > 0.

Then p; is true for all i € N.

Proof. Suppose not, and let n € N be the smallest natural number such that p, is
false. Then n # 0, since pp is true by (I1), so n — 1 exists as a natural number.
Since n — 1 < n, pp—1 is true. By (I2), pn—1 = pn, SO Dy, is true, contradicting the
assumption. Thus p; is true for all i € N. (]

We call (I1) the base case and (I2) the inductive step. We note that by shifting,
we can actually start the induction at any integer. Here is an example demonstrat-
ing proof by induction.

Example 1. Show that 11" — 4™ is a multiple of 7 for all n € N.

Proof. A natural number a is a multiple of 7 if and only if a = 7b for some natural
number b. We proceed by induction on n. First we verify the base case, when n = 0,
and then demonstrate the induction step, wherein we show that if the proposition
is true for n — 1, then it is true for n.

(I1) Let n =0. Then n = 7-0, so n is a multiple of 7 in this case. This verifies
the base case.

(I2) Let n > 0, and assume that 11"~ — 4"~1 is a multiple of 7. Then 11771 —
4"=1 = 7k for some k € N. Now compute

1" —4" = 11" — 11 -4 4114771 —4n
=11(11"" — 47 4411 - 4)
=11-Tk+4"""-7
=T7(11k +4™1),
which is a multiple of seven.
Thus properties (I1) and (I2) hold, so the proposition is true for all n € N. O
Proposition 4. (Strong Induction Principle)
Let {p; | i € N} be a set of propositions indexed by N. Suppose that
(IS) if p; is true for all i < n, then p, is true.
Then p; is true for all i € N.
Proof. Suppose not, and let m be the smallest natural number such that p,, is false.

Then p; is true for all i < m. By (IS), p,, is true, contradicting the assumption.
Thus p; is true for all 7 € N. O

It is common in the statement of the strong induction principle to include the
base case (I1), that pg is true, as a premise. In practice, we may have to verify
(I1) as a step in demonstrating (IS). We note that (I1) is implied by (IS), but
that (I2) is not implied by (IS) (why?).



3. THE DIVISION ALGORITHM

Proposition 5. (Division Algorithm)
Let m,n € Z with m # 0. There exist unique integers q,r € Z such that

n=gqm-+r and 0<r<|m|

We offer two proofs of this, one using the well-ordering principle directly, and
the other phrased in terms of strong induction.

Proof by Well-Ordering. First assume that m and n are positive.

Let X ={z € Z | z =n — km for some k € Z}. The subset of X consisting of
nonnegative integers is a subset of N, and by the Well-Ordering Principle, contains
a smallest member, say r. That is, r = n — gm for some q € Z, son = gm +r. We
know 0 < r. Also, r < m, for otherwise, r — m is positive, less than r, and in X.

For uniqueness, assume n = g1m +r1; and n = gam + ro, where q1,71,q2,72 € Z,
0<r; <m,and 0 <ry <m. Then m(q1 — q2) =r1 —r9; also —m < r; —ry < m.
Since m | (r1 — r2), we must have r; —ro = 0. Thus 7 = ro, which forces ¢1 = go.

The proposition remains true if one or both of the original numbers are negative
because, if n = mg+ r with 0 < r <m, then 0 < m —r < m when r > 0, and

o (—n)=m(—q—1)+(m—r)ifr>0and (—n) =m(—q) if r =0;
—n) =(—m)(¢+ 1)+ (m—r)ifr > 0and (—n) = (—m)q if r = 0;
n = (—m)(~q) +r.
O

Proof by Strong Induction. Assume that m and n are positive.

Ifm>mn,set q=0and r =n. If m =n, set ¢ =1 and r = 0. Otherwise,
we have 0 < m < n. Proceed by strong induction on n. Here we assume that the
proposition is true for all natural number less that n, and show that this implies
that the proposition is true for n. Then, by the conclusion of the Strong Induction
Principle, the proposition will be true for all natural numbers n.

Note that n = m + (n — m) and n — m < n, so by induction, n —m = mgq; +r
for some ¢p,r € Z with 0 < r; < m. Therefore n = m(q; + 1) +7r1;set g =¢q1 + 1
to see that n = mq + r, with r still in the range 0 < r < m.

The proof for uniqueness and the cases where m and/or n are negative are the
same as above. O

Notice that the proof by induction reveals division as repeated subtraction. It
more closely mimics the algorithm we use to find ¢ and r than does the proof via
the Well-Ordering Principle.



4. THE EUCLIDEAN ALGORITHM

Definition 1. Let m,n € Z. We say that m divides n, and write m | n, if there
exists an integer k such that n = km.

Definition 2. Let m,n € Z be nonzero. We say that a positive integer d € Z is a
greatest common divisor of m and n, and write d = ged(m,n), if

(a) d| mandd|mn;

(b) e|m and e | n implies e | d, for all e € Z.

Proposition 6. (Euclidean Algorithm)
Let m,n € Z be nonzero. Then there exists a unique d € Z such that d = ged(m,n),
and there exist integers x,y € 7Z such that

d =xzm + yn.

Proof. Let X = {z € Z | z = am + yn for some z,y € Z}. Then the subset of X
consisting of positive integers contains a smallest member, say d, where d = xm+yn
for some x,y € Z.

Now m = ¢qd + r for some ¢, € Z with 0 < r < d. Then m = g(zm + yn) + r,
sor = (1—gqgrxm)m—+ (qy)n € X. Since r < d and d is the smallest positive integer
in X, we have r = 0. Thus d | m. Similarly, d | n.

If e | m and e | n, then m = ke and n = le for some k,l € Z. Then d =
xke 4+ yle = (xk + yl)e. Therefore e | d. This shows that d = ged(m,n).

For uniqueness of a greatest common divisor, suppose that e also satisfies the
conditions of a gcd. Then d | e and e | d. Thus d = ie and e = jd for some i, j € Z.
Then d = ijd, so ij = 1. Since ¢ and j are integers, then ¢ = £1. Since d and e are
both positive, we must have ¢ = 1. Thus d = e. ([

This shows that the d = ged(m,n) exists and the formula zm + yn = d holds,
but does not give a method of finding z, y, and d. The method we develop is based
on the following propositions.

Proposition 7. Let m,n € N and suppose that m | n. Then ged(m,n) = m.

Proof. Clearly m | m, and we are given m | n. Now suppose that e | m and e | n.
Then e | m. Thus m = ged(m, n). O

Proposition 8. Let m,n € Z be nonzero, and let q,r € Z such that n = qm + r.
Then ged(n,m) = ged(m, r).

Proof. Let d = ged(n,m). We wish to show that d = ged(m,r), which requires
showing that d satisfies the two properties of being the greatest common divisor of
m and r.

Since d = ged(n, m), we know that d | n and d | m. Thus n = ad and m = bd
for some a,b € Z. Now r = n — mq = ad — bdq = d(a — bq), so d | r. Thus d is a
common divisor of m and r.

Let e € Z such that e | m and e | r. Then m = ge and n = he for some g, h € Z,
so n = geq+ he = e(gq+ h); thus e | n, so e is a common divisor of n and m. Since
d = ged(n,m), e | d. Therefore, d = ged(m, ). O



There is an efficient effective procedure for finding the greatest common divisor
of two integers. It is based on the following proposition.

Now let m,n € Z be arbitrary integers, and write n = mq+r, where 0 < r < m.
Let rg = n, r1 =m, ro = r, and ¢ = q. Then the equation becomes rg = r1q1 + 2.
Repeat the process by writing m = rqo+r3, which is the same as r; = roga+7r3, with
0 < r3 < ro. Continue in this manner, so in the i‘" stage, we have r; 1 = 7;q; +7i11,
with 0 < r;411 < r;. Since 7; keeps getting smaller, it must eventually reach zero.

Let k£ be the smallest integer such that 71 = 0. By the above proposition and
induction,

ged(n,m) = ged(m,r) = -+ = ged(ri—1,7%).
But rg—1 = reqr + rg+1 = rEqr. Thus rg | 7p—1, so ged(rk—1,7%) = rx. There-
fore ged(n,m) = 7. This process for finding the ged is known as the Fuclidean
Algorithm.

In order to find the unique integers = and y such that xm + yn = ged(m,n), use
the equations derived above and work backward. Start with rp = 742 — rE_1qx_1-
Substitute the previous equation 7,_1 = rp_3 — Tk _2qr_o into this one to obtain

Tk = Th—2 — (Th—3 — Th—2Qk—2)qk—1 = Th—2(qh—2qk—1 + 1) — Th—3qk—1.

Continuing in this way until you arrive back at the beginning.

Example 2. Let n = 210 and m = 165. Work forward to find the ged:
210 = 165 - 1 + 45;
165 =45 - 3 4 30;
45 =301+ 15;
¢ 30=15-2+0.
Therefore, gcd(210,165) = 15. Now work backwards to find the coefficients:
e 15=45-30-1;
e 15=45—(165—45-3) =45-4 — 165;
e 15=(210—165)-4 — 165 =210-4 — 165 - 5.
Therefore, 15 = 210 - 4 + 165 - (—5).

Let’s briefly analyze the inductive process of “working backwards”.

At each stage, let m denote the smaller number and let n denote the larger
number. Always attach z to m and y to n, to get d = xm+yn, where d = ged(m, n).
Now at the very end, the remainder is zero, so n = mq + 0. Thus m = ged(n, m),
that is, d = m. Writing d as a linear combination at this stage, we have

d= (1)m+ (0)nm

sox=1and y=0.

Now we want to lift this to a previous equation of the form n = mq+r. Assume,
by way of induction, that we have already lifted it to the next equation; that is,
we have n’ = m’q’ +r’, where n’ = m, m’ = r, and we can express d as a linear
combination of m’ and n’, like this:

d=2'm +y'n.
Then d = z'r +y'm. Substitute in 7 = n — mgq to express d as a linear combination
of m and n; you get d = 2'(n —mq) + y'm = (v — 2'¢)m + 2'n. Set x =y’ — 2'q
and y = z’ to obtain d = zm + yn.
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Definition 3. Let m,n € Z. We say that m and n are relatively prime if
ged(m,n) = 1.
Proposition 9. Let m,n € Z. Then
ged(m,n)=1 < am+yn=1 for some x,y € Z.

Proof. We have already seen that if ged(m,n) = 1, then am + yn = 1 for some
x,y € Z. Thus we prove the reverse direction; suppose that xm + yn = 1 for some
x,y € Z. We wish to show that gcd(m,n) = 1.
Clearly 1 | m and 1 | n. Suppose that e | m and e | n. Then m = ke and n = le
for some k,l € e. So
1 =ake+ yle = (zk + yl)e.
Thus e | 1, whence ged(m,n) = 1. ]

Proposition 10. Let m,n,d € Z such that gcd(m,n) = d. Then ged(%,5) = 1.
Proof. Since xm + yn = d for some z,y € Z, we have 27 + yZ = 1. From
Proposition 9, we conclude that ged(%, %) = 1. a

Proposition 11. Let a,b,c € Z. If a | bc and ged(a,b) =1, then a | c.

Proof. Since a | be, there exists z € Z such that az = be. Since ged(a, b) = 1, there

exist x,y € Z such that za + yb = 1. Multiplying both sides by c gives
zac + ybe = ¢ = xac + yaz = ¢ = a(zc+yz) = c.

Thus a | c. O

Proposition 12. Let a,b,c € Z. Ifa| ¢, b| ¢, and ged(a,b) = 1, then ab | c.

Proof. There exist e, f,z,y € Z such that ae = ¢, bf = ¢, and za + yb = 1.
Multiplying the last equation by ¢ gives zac + ybc = c. Substitution gives zabf +
ybae = ¢, so ab(zf + ye) = ¢. Thus ab | c. O

Definition 4. Let m,n € Z. We say that a positive integer | € Z is a least common
multiple of m and n, and write [ = lem(m,n), if

(a) m|land n|l;

(b) m | k and n | k implies [ | k, for all k € Z.

Proposition 13. Let m,n € Z be nonzero. Then there exists a unique l € Z such
that I = lem(m,n), and if d = ged(m,n), then

mn
l=—.
d
Proof. Let | = #*; we wish to show that [ is a least common multiple for m and
n. Since d = ged(m,n), % and % are integers, and [ = m% = n". Thus m | [ and

n |l

Now suppose that k is an integer such that m | k and n | k; we wish to show that
[ | k. We have k = ae and k = bf for some e, f € Z. Thus ae = bf, and dividing
by d gives e§ = fg. Thus § | f%, and since ged (9, g) =1, we have § | f. Thus
[ =g forsome g € Z, so k =bf = g%b = gl. Thus ! | k, so [ is a least common
multiple of m and n.

For uniqueness, note that any two least common multiples must divide each
other; but they are both positive, so they must be equal. ([



5. FUNDAMENTAL THEOREM OF ARITHMETIC

Definition 5. An integer p > 2, is called prime if
a|p=a=1lora=p, wherea€N.
Proposition 14. Let a,p € Z, with p prime. Then

1 otherwise.

Proof. Let d = ged(a,p). Then d | p,sod=1or d=p. Wehave p|p,soifp]a,
we have p | d. In this case, d = p. If p does not divide a, then d # p, so we must
have d = 1. ([

Proposition 15. (Euclid’s Argument)
Letp e Z, p>2. Then p is prime if and only if

plab=plaorpl|b,  wherea,beN.

Proof.

(=) Given that a | p = a = 1 or a = p, suppose that p | ab. Then there exists
k € N such that kp = ab. Suppose that p does not divide a; then ged(a,p) = 1.
Thus there exist z,y € Z such that za+yp = 1. Multiply by b to get zab+ ypb = .
Substitute kp for ab to get (xk + yb)p = b. Thus p | b.

(<) Given that p | ab=-p | a or p | b, suppose that a | p. Then there exists k € N
such that ak =p. Sop|ak,sop|aorp|k. If p|a, then pl = a for some [ € N,
in which case alk = a and Ik = 1, which implies that k =1 so a = p. If p | k, then
k = pm for some m € N, and apm = p, so am = 1 which implies that a = 1. ([

Proposition 16. Let n € Z with n > 2.
There exists a prime p € Z such that p | n.

Proof. Proceed by strong induction on n. If n is prime, it divides itself; otherwise,
n is not prime, and n = ab for some a,b € Z with a < n and b < n. By induction,
a is divisible by a prime, so n = ab is divisible by that prime. (I

Proposition 17. (Fundamental Theorem of Arithmetic)
Letn € Z, n > 2. Then there exist unique prime numbers p1,...,pr, unique up to
order, such that

T

i=1

Proof. We know that n is divisible by some prime, say n = pm for some p,m € Z
with p prime. Since m is smaller than n, we conclude by induction that m factors
into a product of primes; thus n = pm factors into a product of primes. To see that
this factorization is unique, suppose that there exist prime p1,...,p, and q1,...,qs
such that
n=pip2--Pr =4q1q2 " (gs-

By repeatedly applying Euclid’s Argument, we see that p; | ¢; for some ¢, and by
renumbering if necessary, we may assume that p; | ¢;. Since ¢ is prime, p; =1 or
p1 = q1; but p; is also prime, so it is greater than 1; thus p; = ¢;. Canceling these,
we see that ps---p,. = g2+ qs, and we may repeat this process obtaining ps = g2,
ps = g3, and so forth. We also see that r = s, for otherwise, we would obtain an
equation in which a product of primes equals one. ([



6. CONGRUENCE MODULO n

Definition 6. Let n € Z with n > 2. Let a,b € Z. We say that a is congruent to
b modulo n, and write a = b (mod n), if the difference a — b is a multiple of n:

a=b(modn) < nl(a—D).
Proposition 18. Let n € Z with n > 2, and let a,b,c € Z. Then
(a) a=a (mod n) (Reflexivity);

(b) if a =b (mod n), then b = a (mod n) (Symmetry);

(¢) ifa=0b (mod n) and b = c (mod n), then a = ¢ (mod n) (Transitivity).
Proof. We prove each property.

(a) (Reflexivity) Let a € Z. Now 0-n =0 =a — a; thus n | (a — a), so a = a.
Therefore = is reflexive.

(b) (Symmetry) Let a,b € Z. Suppose that a = b; then n | (a — b). Then there
exists k € Z such that nk = a —b. Then n(—k) =b—a,son | (b—a). Thus b = a.
Similarly, b = a = a = b. Therefore = is symmetric.

(c) (Transitivity) Let a,b,c € Z, and suppose that a = b and b = ¢. Then
nk =a —band nl = b — ¢ for some k,l € Z. Then a — ¢ = nk —nl = n(k — 1), so
n | (¢ — ¢). Thus a = ¢. Therefore = is transitive. O

We give some examples of where these concepts arise.
Example 3. If the time now is 5 pm, what time will it be in 87 hours?
Solution. Using a 24 hour clock, 5 pm is 17. Now compute modulo n = 24 to obtain
174 87 =104 = 8 (mod 24),
so the time in 87 hours will be 8 am. (]
Example 4. If today is Thursday, what day will it be in 258 days?

Solution. Let’s set 0 = Sunday, 1 = Monday, 2 = Tuesday, 3 = Wednesday,
4 = Thursday, 5 = Friday, and 6 = Saturday. Now compute modulo n = 7 to
obtain
24258 =260 =1 (mod 7).
Since 1 = Monday, it will be Monday in 258 days. ]

Example 5. Let i € C with i> = —1. Find %71
Proof. Here, we compute modulo 4. Now 1571 = 4(392) + 3, so

i1571 — i4(392)+3 — (i4)392i3 — 13927;3 — ,L'3 = .



7. CONGRUENCE CLASSES

Definition 7. Let n € Z with n > 2, and let a € Z. The congruence class of a
modulo n, denoted [a], or by @, is the set of all integers which are congruent to a
modulo n:

[al, ={b€Z]|a=b(modn)}.

Proposition 19. Let n € Z with n > 2. Let a,b € Z. The following statements
are equivalent:
(i) a=b (mod n);
(ii) b € [a]n;
(iii) [a], = [b]n.
Proof. Exercise. O

Let n € Z, n > 2. If a € Z, then a € [a], by reflexivity. Also, if [a], N [b], is
nonempty, we have [a],, = [b],. So, the relation of congruence modulo n partitions
the set Z into nonoverlapping blocks which cover Z, each block being a congruence
class modulo n.

If A C Z is a congruence class and a € A, we say that a represents A. FEach
congruence class has a lot of representatives. The next proposition firmly describes
which elements are in a given congruence class, and produces a preferred represen-
tative.

Proposition 20. Let n € N and let ay,as € Z. By the Division Algorithm, there
exist unique integers qi,71,q2,72 € Z such that

e a1 =nqy +1r1, where 0 < ry <n;

® ay =ngs + 19, where 0 < ry < n.

Then a1 = as (mod n) if and only if 11 = ra.

Proof.

(=) Suppose that a; = as. Then n | (a3 — a2). This means that nk = a3 — as
for some k € Z. But a; —as = n(q1 —q2) + (r1 —r2). Then n(k+q1 —q2) = r1 —ro,
son|ry—ry.

Multiplying the inequality 0 < ro < n by —1 gives —n < —re < 0. Adding this
inequality to the inequality 0 < 7r; < n gives —n <1y —ry < n. But r; —ry is an
integer multiple of n; the only possibility, then, is that ry —ry = 0. Thus r; = rs.

(<) Suppose that r; = r9. Then a1 — as = ng1 — ng2 = n(q1 — g2). Thus
n | (a1 — a2), so a1 = as. O

An element r € Z is called a preferred representative for [a],, if r € [a], and
0 <7 < n. This is the remainder when any element in [a],, is divided by n.

The division algorithm for the integers tells us that there is a preferred represen-
tative for each congruence class. Also, Proposition 20 guarantees that as r ranges
over the integers from 0 to n — 1, the congruence classes [r],, are distinct. Thus
there are exactly n equivalence classes, modulo n.
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8. INTEGERS MODULO n
Definition 8. The ring of integers modulo n is
Z, ={la]n | a € Z}.

That is, Z,, is the set of equivalence classes modulo n, and |Z,| = n. If the n is
understood, we usually write @ to mean [a],. For example,
Z7: =1{0,1,2,3,4,5,6}.
Henceforth, whenever we refer to Z,,, assume that n € Z with n > 2.

Proposition 21. Define the binary operations on Zy,
4+ by X Ly — Ly and - Ly X Ly — Lo,
known as addition and multiplication, by
G+b=a+b and a-b=ab.
These operations are well-defined.
Proof. Select ay,as,b1,bs € Z such that a1 = ay and by = bs; say a1 — as = kn and
by — by = In for some k,l € 7Z.
(Addition) We wish to show that a; + by = as + be, i.e., that a1 + by = as + bs.
We simply add the equations above to obtain a; — as + by — bs = kn + In; thus
(Cl1 + b1) — (CLQ + bg) = (k + l)’fl,

from this, n | ((a1 + b1) — (a2 + b2)), so a1 + by = ag + bs.

(Multiplication) We wish to show that @y - by = @s - by, i.e., that aib; = asbs. To
do this, adjust the original equations to obtain a; = as + kn and b; = by + In, and
multiply them to obtain a1b1 = agbs + asln + bokn + kln?, whence

a1b1 — a2b2 = (QQZ + bgk + kln)n,

thus n | (a1by — azbz), so a1by = asbs. O
Definition 9. The residue map modulo n is the function

én 2 — 17, givenby £,(a)=na.
Proposition 22. Let n € Z, n > 2, and consider the residue map &, : Z — Z,.
Then

(a) £.(0) =0 and &,(1) =1;
(b) gn(a + b) = gn(a) + fn(b)7
(c) &nlab) = &n(a)én(b).

Proof. This is immediate from the definitions of addition and multiplication in Z,,
and the fact that the are well-defined. O
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9. PROPERTIES OF ADDITION

Proposition 23. Addition on Z, is commutative, associative, admits an identity
0, and admits additive inverses.

Proof. Select a,b € Z so that @, b, and € are arbitrary members of Z,.
To see that + is commutative, note that
a+b=a+b=b+a=0b+a
To see that + is associative, compute
(@+b)+c=a+b+c=(a+b)+c=a+(b+c)=a+btc=a+ (b+72).

To see that 0 is an additive identity, note that 0 +a@ = 0 + )
The additive inverse of @ is —a, since@a+ —a=a —a = 0. O

S
I
S

For any k € N and any a € Z,,, define ka to be @ added to itself k times:
k
ka=>) a.
i=1
Proposition 24. Let k € N and @ € Z,,. Then ka = ka.

Proof. ka = Zle a= Zle a = ka. O

In Z,, we have na = na = 0. So, some multiple of @ is zero; thus there is a
smallest positive integer k such that ka = 0.

Definition 10. Let @ € Z,,. Define the additive order of @ to be smallest positive
integer k such that ka = 0. The additive order of @ is denoted ord, (@).

Proposition 25. Let a € Z,, and let ord( (@) = k. Then
(a) ja =0 k| j;

(b) na =0;

(c) k| n.

Proof.

(a) If k | 4, then § = lk for some [ € Z. In this case, ja =10 = 0.

Conversely, suppose that ja = 0. Write j = gk + r, where 0 < r < k. Then
ja = qka + ra = ra since ka = 0. But k is the smallest positive integer such that
k@ =0. Thus r =0, and j = gk. Thus k | j.

(b) Note that na = na = 0. Thus na = 0.

(c) By (b), n@a = 0. Thus k | n by part (a). O

Proposition 26. Let @ € Z,, and let d = ged(a,n). Then ord (a) = 5.
Proof. Let k = ord(a). Now 2a = 2% = n% = 0; thus k | 2.

On the other hand, ka = 0, so ka = nl for some [ € Z. Dividing by d gives
kS = %1. Thus % | k4, and since ged(%, %) = 1, we have 5 | k.

Thus k| % and 4 | k, and since both are positive they must be equal. (]
Example 6. Let n = 24 and a = 20. Now gcd(a,n) = 4, so ord, (a) = 2t = 6.
Indeed, 6 - 20 = 120 is the smallest multiple of 20 which is divisible by 24.

Example 7. Let p = 7 and consider Z,. The order of every nonzero element is 7.
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10. PROPERTIES OF MULTIPLICATION

Proposition 27. Multiplication on Z,, is commutative and associative, with iden-
tity element 1. Furthermore, multiplication distributes over addition.

Proof. Select a,b,c € Z so that @, b, and ¢ are arbitrary members of Z,,.
To see that multiplication is commutative, compute

@-b=ab=ba="b-a.
To see that multiplication is associative, compute
(@-b)-c=ab-c=abc=a-bc=a-(b-¢).
To see that 1 is a multiplicative identity, compute@-1=a-1=a=1-a=1-a.
To see the multiplication distributes over addition, compute

a-(b+¢)=a-b+c=alb+c)=ab+ac=ab+ac= (a-b)+ (a-c).

Proposition 28. Leta € Z,,. Thena-0=0-a=0.
Proof. By definition of multiplication in Z,,a-0=a-0=0=0-a=0-a. O

Definition 11. Let n € Z, n > 2, and let @ € Z,. We say that a is invertible in
Z,, if there exists an element b € Z,, such that @ -b = 1.

Proposition 29. Leta € Z,,. Then @ is invertible if and only if ged(a,n) = 1.

Proof.

(=) Suppose that @ is invertible, and let b be its inverse. Then ab = 1, so
ab =1 (mod n). That is, kn = ab — 1 for some k € Z. Thus ab+ (—k)n = 1. By
Proposition 9, ged(a,n) = 1.

(<) Suppose that ged(a,n) = 1. Then there exist ,y € Z such that xza+yn = 1.
ThenzZ-a+7y-m=1 Butm=0,s0%-m=0. ThusZ-a@ = 1, and 7 is the inverse
of @, so @ is invertible. O

Example 8. Let p € N be a prime number.
Then every nonzero element of Z,, is invertible, because each nonzero positive inte-
ger less than p is relatively prime to p.

Definition 12. Let n € Z Witkl n > 2, and let @ € Z,, be nonzero.ﬁWe say that @
is a zero divisor if there exists b € Z,, which is nonzero such that ab = 0.

Proposition 30. Let n € Z with n > 2, and let a € Z,,. If @ is invertible, then @
is not a zero divisor.

Proof. Suppose a is invertible, and let b € Z such that ab = 0. Multiply on the
left by a=! to get a~'ab = a~' -0, whence b = 0. This shows that a is not a zero
divisor, because the only element in Z,, which can be multiplied with a to produce
0 is 0 itself. O

Example 9. Let n = 6; in Zg, the invertible elements are 1 and 5. The zero
divisors are 2, 3, and 4. To see this, consider 2-3 =6 =0, and 3-4 =12 = 0.
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Proposition 31. Let n € Z with n > 2, and let @ € Z,, be nonzero. Then a is a
zero divisor if and only if ged(a,n) > 2.

Proof. Let d = ged(a,n).

Suppose that d = 1. Then @ is invertible by Proposition 29, so @ is not a zero
divisor by Proposition 30.

Suppose that d > 2. Using arithmetic in Z, the Euclidean algorithm dictates
that there exist z,y € Z such that ax + ny = d. We also have d | n. Then there
exists b € Z such that bd = n, and since d > 2, we have 0 < b < n. Applying the
residue map to ax + ny = d gives @z + ny = d, and since 7 = 0, we have az = d.
Multiply this equation by b to get

azhb=db=mn=0.
Thus @ is a zero divisor. ]

Definition 13. The group of units of Z, is
Zy =A{a € Zy | ged(a,n) = 1}.
The Euler phi function is defined by ¢(n) = |Z7].

Thus @ € Z; if and only if @ is invertible in Z,,. The next proposition says that
Z}, is closed under multiplication.

Proposition 32. Let n € Z, n > 2, and let @,b € Z be invertible. Then @b is
invertible.

Proof. Clearly, (ah) =b 'a ', since (@)(b @ ') =a(Bh Ja'=aa'=1 O
For example,

Zy={1,...,p— 1}, if p is prime;

Zi = {1,5};

ZTQ = {1a 5, 7, 11};

Zis =1{1,2,4,6,7,8,11,13,14}.

Definition 14. Let n € Z, n > 2, and let @ € Z}. The multiplicative order of @,
denoted ord, (a) is the smallest positive integer k such that @* = 1.

Example 10. Find ord,(7) in Zj;.
Solution. We have

Thus ord.(7) = 4. O
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11. ALGEBRAIC EQUATIONS IN Z,

We now turn our attention to the question of when an equation, such as 14z = 1
or 22 +1 = 0, has a solution in Z,,, and how many solutions it has. For example,
142 = 1 has a solution if and only if 14 is invertible in Z,, and this is the case if
and only if n and 14 are relatively prime. In fact, we have an explicit technique for
finding the inverse 14. This technique makes repeated use of the division algorithm.

Suppose n = 33. Then 14 and 33 are relatively prime, so there exist integers x
and y such that 142 + 33y = 1. To find them, we divide:

e 33=14-2+5;
e 14=5-2+4
e 5=4-1+1;
e 2=1-240.

The second to last remainder is 1, so ged(14,33) = 1. Now work backwards to
find x and y:

e 1 =5—4;
el1=5-(14-5-2)=5-3—14-1;
e 1=(33-14-2)-3-14-1=33-3-14-7.

Thus the inverse of 14 in Z33 is —7 = 26.

The equation 241 = 0 is more interesting. To understand it, note that negative
T exists in Z,, as n — 1. So a solution to the equation 22 + 1 = 0 would be a square
root of negative 1 in Z,,. For example, in Zs, we have P g

It is also possible that a quadratic equation, such as 2> — 1 = 0, can have more
than two solutions in Z,. Note that 22 — 1= (x 4+ 1)(z — 1), even in Z,. Suppose
that n = 15. Then z = 1 and z = —1 = 14 are solutions, but so is 4, since
(4+1)(4-1)=5-3=01in Z5.

However, suppose that n = p is a prime number. Then in Z,, a quadratic
equation can have at most 2 roots. This is because Z;, has no zero divisors. If the
quadratic has a root, it factors; then if the product of the factors is zero, one of
them must be zero.

For example, let us find the roots of 2 +8z+1 = 0in Z;;. Now 8 = —3 (mod 11)
and 1 = —10 (mod 11), so our equation becomes % — 3z — 10 = 0. This factors as
(x —5)(z +2) = 0. Since 11 is prime, the only roots are 8 and —2 = 8.

2
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12. CASTING OUT n’S

The process of casting out n’s involves subtracting n from a number until one
arrives at a number less than n. Clearly, this number is the remainder upon division
by n, so it is related to modular arithmetic.

The method of casting out n’s, together with decimal notation, led Arabs of 1500
years ago to discover certain divisibility criteria. We demonstrate this in modern
notation.

Fix n € Z with n > 0. For a € Z, let a denote the remainder when a is divide
by n. The last proposition states that a + b =@ + b and ab = @b, modulo n.

If dy,dy, ..., d, are the digits of a € N (where 0 < d; < 9), then

T
a=>Y d;-10",
i=0
The idea of casting out n’s revolves around the fact that

a= Zdiﬁz (mod n).
i=0

Proposition 33. (Casting Out 3’s and 9’s)
Letn=3 orn=29. Let a,s € Z be given by

k k
a:Zdi~10i and s:Zdi.
i=0 i=0
Then a is divisible by n if and only if s is divisible by n.
Proof. In Z3 or Zg, we have 10 = 1. Thus

So a and s have the same remainder upon division by n, and in particular a is
divisible by n if and only if s is divisible by n. O

Proposition 34. (Casting Out 11’s)
Let n =11. Let a,s € Z be given by
k

k
a= Zdi -10°  and s= Z(—l)idi.
=0

i=0
Then a is divisible by n if and only if s is divisible by n.

Proof. In Zq1, we have 10 = —1 (mod n). Thus

v k k
a=>d-100=Y 4 10 =Y d(-1) =
=0

=0 ] =0

|

Thus a is divisible by n if and only if s is divisible by n. O
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13. CHINESE REMAINDER THEOREM

The Chinese Remainder Theorem indicates a condition under which we can solve
a system of congruences.

Proposition 35. (Chinese Remainder Theorem)
Let a,b,m,n € Z such that gcd(m,n) = 1. Then there exists ¢ € Z with 0 < ¢ < mn
such that

e ¢c=a (mod m);
e ¢c=b (mod n).
Proof. There exist x,y € Z such that ma + ny = 1. Let ¢ = mab + nya. Then
¢—a=mzxb+ nya —a=mzb+ (ny — 1)a = mzb — mzxa,
so m divides ¢ — a; thus ¢ = a (mod m). Also
¢—b=mzb+nya—b=(mzx—1)b+ nya = —nyb + nya,
so n divides ¢ — b; thus ¢ = b (mod n). O

Example 11. Let m = 104, n = 231, a = 11, and b = 23. Find ¢ € Z with
0 < ¢ < mn such that ¢ = a (mod m) and ¢ = b (mod n).

Solution. First we use the Euclidean algorithm to write mx + yn = d. We have
231 =104-2+ 23
104 =23-4+12

23=12-1+11
12=11-1+1
11=1-11+0

Thus
1

(—1)11 412

(2)12 + (—1)23
(—9)23 + (2)104
= (20)104 + (—9)231

That is, x = 20, y = —9, and d = 1,
Now set

¢ = mzb+ nya (mod 24024) = 24971 (mod 24024) = 947.
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14. EXERCISES
Exercise 1. Use induction to prove that, for all n € N,
(n Jr 1)
Soi= e,
i=1

Exercise 2. Use induction to prove that, for all n € N,

ZQ n—|—1(2n+1).

Exercise 3. Use induction to prove that, for all n € N,
Zis o n2(n + 1)2
e 4+

=1

Exercise 4. Let m,n € Z be nonzero. Use strong induction and Proposition 8 to
show that there exist z,y,d € Z with d = ged(m,n) such that

mx +ny = d.
Exercise 5. In each case, find d = ged(m, n), and find z,y € Z such that
max +ny = d.

(a) m =75, n =300
(b) m = 123, n = 248
(c) m=528,n="T1
Exercise 6. Let a,b,c € N be positive. Show that
(a) alg
(b) a|bandb|aimplies a = b;
(c) a|bandb|cimplies a | c.

Exercise 7. Let m,n,d € Z with d = ged(m, n). Show that

mn
1 = —.
cm(m, n) 7

Exercise 8. Let n € Z with n > 2. Let a,b,¢,d € Z with a = ¢ (mod n) and

b=d (mod n).
Show that ab = ¢d (mod n).

Exercise 9. Let n € Z with n > 2. Show that if n is not a prime number, then
Z.,, contains zero divisors.

Exercise 10. Let n € Z with n > 2, and let @ € Z,, be a nonzero element. Show
that @ is invertible if and only if @ is not a zero divisor.

Exercise 11. Find the additive order of 6, 11, 18, and 28 in Zsg.
Exercise 12. Find Zjg.

Exercise 13. Find ¢(100).

Exercise 14. Find the multiplicative order of 10 in Z3,
Exercise 15. Find the inverse of 15 in Zyg.

Exercise 16. Solve the equation 17x = 23 in Z7;.
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Exercise 17. Solve the equation 22 — 52 — 2 =0 in Z1;.
Exercise 18. Solve the equation 22 — 52 + 4 = 0 in Zg.
Exercise 19. Find all square roots of —1 in Zjq;.

Exercise 20. Find ¢ € Z with 0 < ¢ < 221 such that ¢ = 7 (mod 13) and ¢ =
11 (mod 17).

Exercise 21. Extend the Chinese Remainder Theorem to systems of three con-

gruences; state a proposition, and prove it.

DEPARTMENT OF MATHEMATICS AND CSCI, SOUTHERN ARKANSAS UNIVERSITY
E-mail address: plbailey@saumag.edu



