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1 Using the Chain Rule in Reverse

Recall that the Chain Rule is used to differentiate composite functions such as
cos(#®+1), e2%* | (222+3)™, In(3z41). (The Chain Rule is sometimes called the Composite
Functions Rule or Function of a Function Rule.)

If we observe carefully the answers we obtain when we use the chain rule, we can learn to
recognise when a function has this form, and so discover how to integrate such functions.

Remember that, if y = f(u) and u = g(z)

so that y = f(g(x)), (a composite function)
dy dy du
then T du e

Using function notation, this can be written as

Y~ o)) g (2).

d
In this expression, f’(g(z)) is another way of writing d—y where y = f(u) and u = g(x)
u
d
and ¢'(x) is another way of writing d_u where u = g(z).
x

This last form is the one you should learn to recognise.

Examples

By differentiating the following functions, write down the corresponding statement for
integration.

i. sin3dx

ii. (2z+1)

iii. e’

Solution

i d—sin?)x = cos3dzx -3, so [cos3x - 3dx = sindz +c.
x

.o d 7 6 6 7

ii d—(2x+1) = 72zx+1)°-2, so [TR2zx+1)°-2dz = (2z+1)"+c
x

d 2 . 22 9 22 92d B 22

iii %(e> = v -2z, so [e" - 2xdx = e +c
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Exercises 1.1

Differentiate each of the following functions, and then rewrite each result in the form of
a statement about integration.

i (22 —4)13 ii  sin7mz iii €30
1
iv In(2z -1 \4 vi tandx
( ) S5t — 3
vii (2 —1)* viii  sin(z?) ix eV
X  cos’x xi  tan(z? 4+ 1) xii In(sinz)

The next step is to learn to recognise when a function has the forms f'(g(x)) - ¢'(x),
that is, when it is the derivative of a composite function. Look back at each of the
integration statements above. In every case, the function being integrated is the product
of two functions: one is a composite function, and the other is the derivative of the “inner
function” in the composite. You can think of it as “the derivative of what’s inside the
brackets”. Note that in some cases, this derivative is a constant.

/63‘” - 3dzx.

We can write €3* as a composite function.
3 is the derivative of 3z i.e. the derivative of “what’s inside the brackets” in e®®).

For example, consider

This is in the form

[ £lo@)- g (2)da
with
u=g(x) =3z, and f'(u) = €".

Using the chain rule in reverse, since = (f(g(z))) = f'(9(z)) - ¢'(x) we have

[ £(g@) - g (@)dz = f(g(x)) +e.

In this case
/e?’x 23dr = €% +¢.

If you have any doubts about this, it is easy to check if you are right: differentiate your
answer!
Now let’s try another:

/Cos(azr2 +5) - 2xdx.

cos(z? + 5) is a composite function.
2z is the derivative of 22 + 5, i.e. the derivative of “what’s inside the brackets”.
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So this is in the form

/f’(g(x)) - ¢ (v)dr with u = g(x) = 2* + 5 and f'(u) = cosu.

Recall that if f'(u) = cosu, f(u) = sinu.

So,
/cos(ﬂl:‘2 +5) - 2zdx = sin(z® + 5) + c.

Again, check that this is correct, by differentiating.

People sometimes ask “Where did the 22 go?”. The answer is, “Back where it came
from.”

If we differentiate sin(z* + 5) we get cos(z? + 5) - 2z.

So when we integrate cos(z? + 5) - 2z we get sin(z? + 5).

Examples

Each of the following functions is in the form f'(g(z)) - ¢'(z).
Identify f’(u) and u = g(x) and hence find an indefinite integral of the function.

i. (322 —1)* 62

Solutions

i. (322 —1)*-62 is a product of (322 — 1)* and 6z.
Clearly (3z? — 1)* is the composite function f'(g(z)). So g(z) should be 3z* — 1.

6x is the “other part”. This should be the derivative of “what’s inside the brackets”
i.e. 322 — 1, and clearly, this is the case:

%(31:2 —1) = 6.

So, u = g(x) = 322 — 1 and f'(u) = u* giving f'(g(x)) - ¢'(x) = (322 — 1)* - 62.
I 5/(u) =, fu) = Lo
So, using the rule

[ £9@))- g (@)da = f(g(a) +e

we conclude

1
/(3:63 —1)*- 62 = g(SxZ —1)° +ec

You should differentiate this answer immediately and check that you get back the
function you began with.
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ii.

1
2z

This is a product of sin(y/7) and 5 .

sin(v/2)

Clearly sin(y/z) is a composite function.

The part “inside the brackets” is /x, so we would like this to be g(x). The other
factor ﬁ ought to be ¢'(x). Let’s check if this is the case:

1 1 1
2 oxs  24/T

Now, if f'(u) = sinu, f(u) = — cosu.
So using the rule

[ £la) - g (@)dz = flgla)) +

we conclude

/sin(\/E) : ﬁdw = —cos(v) + c.

Again, check immediately by differentiating the answer.

Note: The explanations given here are fairly lengthy, to help you to understand
what we’re doing. Once you have grasped the idea, you will be able to do these very
quickly, without needing to write down any explanation.

Example

Integrate / sin® 2 - cos zdz.

Solution

/sin3 x - cosxdr = /(sin r)* - coszdz.
So u = g(x) = sinz with ¢'(x) = cosz.

And f'(u) = v® giving f(u) = Tu.

1 1
Hence /Sin3 x - cosxdr = Z(Sin )t +c= 1 sin*z + c.
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Exercises 1.2

Each of the following functions is in the form f'(g(z)) - ¢'(x). Identify f’(u) and u = g(x)
and hence find an indefinite integral of the function.

1 1
i 3 i V212 i (Ina)? —
3r—1 x
iv. et 2 v sin(2?) - 322 vi  cos <7r2_:c> : g
. 12 e 1 . 1
vii  (Tz —8)'*-7 viii sin(lnz) - — ix _ - Ccos T
T sinz
x e .gecy xi e . 322 xii  sec?(br —3)-5
xiii (22 — 1)% -2 xiv V/sinz - cosw

The final step in learning to use this process is to be able to recognise when a function is
not quite in the correct form but can be put into the correct form by minor changes.

For example, we try to calculate [23vx* + 1dx.

We notice that vz + 1 is a composite function, so we would like to have u = g(z) = x1+1.
But this would mean ¢'(z) = 42®, and the integrand (i.e. the function we are trying to
integrate) only has z3. However, we can easily make it 423, as follows:

1
/x3\/x4 + ldx = 1 / VvVt +1-423de.
Note: The i and the 4 cancel with each other, so the expression is not changed.
Sou=g(z)=a+1, g (x) = 423
And f'(u) = uz flu) = %u%

1 2 3
So, /m3\/x4+1dx:1/\/x4+1-4x2da:: -§<x4—|—1)2 +c.

1
4
Note: We may only insert constants in this way, not variables.

1
We cannot for example evaluate / e dx by writing % / e” . 2xdx, because
x

the i in front of the integral sign does not cancel with the x which has been
inserted in the integrand.

This integral cannot, in fact, be evaluated in terms of elementary functions.
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The example above illustrates one of the difficulties with integration: many seemingly
simple functions cannot be integrated without inventing new functions to express the
integrals. There is no set of rules which we can apply which will tell us how to integrate
any function. All we can do is give some techniques which will work for some functions.

Exercises 1.3

Write the following functions in the form f’(g(x)) - ¢’(z) and hence integrate them:

2

i cos 7w ii e’
z : 24,3 9
i 5 iv  2*(42° +3)
v sin(1+ 3z) vi %
viihk —— viii €%

v (1—=z?)
ix tan6x

Hint: Write tan 6z in terms of sin 62 and cos 6.
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2 Solutions to exercises

Exercises 1.1

d
i S e-0)® = 1320422 s /13(2x—4)12-2d:c — (2 - 4B 1e
x
.. d . .
ii d—(sm 7x) = cosTmT -, SO /COS mx - wdx = sinmx +c.
x
d 3z—5 3z—5 3x—5 3x—5
i —(e™7?) = e -3, SO /e - 3dx = e +c.
dx
i 4 (122 — 1)) L / L o In(2z — 1) +
iv —(In(22 — = . SO - 2dx = In(22 — c.
dx 2 —1 2¢ — 1
d 1 1 1 1
4 S S /—7 N - .
Vo ey (52 — 3)? ) T Br—3)e Y 5e—3 ¢
. d 2 2
vi d—(tan Sx) = sec”bx -5, SO /sec 5z - bdx = tanbx + c.
x
d
vii d—((x5 1) = 4(2° —1)*- 52, SO /4($5 —1)2-52%dz = (2° - 1) +c
s
d . 3 3 2 3 2 : 3
viii d—(smx ) = cos(z”) - 327, SO /cos(x ) - 3z dx = sin(z’) +c.
x
d 1 1 1 1
ix %(eﬁ) = V7. §$_5, SO /eﬁ . §x_5dx = V" toc.
d 5 4 . 4 . 5
X d_(COS x) = bHcos"x-(—sinzx), so /5005 z - (—sinz)dr = cos’x + c.
T

d
xi  —(tan(2® +1)) = sec*(z?+1) -2z, s0 /secQ(:c2 +1)-2zdr = tan(z® +1) +ec.

dx
i (Infsin ) 1 / d In(sinz) +
xii  —(In(sinz = . COS T SO - cos zdx = In(sinz) + c.
dz sin x ’ sin x

Exercises 1.2

(Before you read these solutions, check your work by differentiating your answer.)

1
i. . =1 -1 .
i /33; — 3dr =In(3z — 1) + ¢

u=g(r) =3x—1 sog'(z) =3
f'(u) =1 so f(u) =Inu

2
. /\/21; F1-2d0 =20+ 1)} +e
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{ u=g(r) =2x+1 so ¢'(x)
f'lw) =+ so f(u)
2 1 . 1 3
ii. /(ln x)” - de = §(ln r)” +c.
{ u=g(xr) =Ilnzx so ¢'(x)
f'(u) = u? so f(u)
iv. /€2I+4 2dx = e*t + ¢
{ u=g(xr) =2r+4 so ¢'(z)
fllu) = et so f(u)
V. /sin(x3) 32%dr = — cos(2®) + ¢
{ u=g(z) =a* 50 ¢'(x)
1 (u) = sinu so f(u)
vi. /COS(%) . gdx = sin(ﬂ) +c
{ u=g(z) =%z s0 /()
f'(u) = cosu so f(u)
‘s 12 1 13
vii. /(7x—8) - Tdx = 1—3(790—8) +c.
{ u=g(r) =T7r—8 so ¢'(x)
fllw)  =ub so f(u)

1
viii. /sin(ln x) - —dr = —cos(lnzx) + c.
x

u=g(xr) =lnz so ¢'(x)
f'(u) = sinu so f(u)
. 1 .
ix. / na o xdxr = In(sinz) + c.
u=g(r) =sinz so ¢'(x)
filw) =4 so f(u)
X. /eta“ -sec® xdr = ™" 4 c.
u=g(r) =tanz so ¢'(x)
filu) — =e so f(u)

[\]

= 322

= —COSU

ol

=sinu

= —COsU

= COST

=lnu

= sec’x
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. 3 3
xi. /em 2322%dr = % + e

{ u=g(r) =23 so ¢'(z) = 3a?
f'(u) = e" so f(u) = e

xii. /secQ(Sm —3) - bdx = tan(b5x — 3) + c.

{ug(w) — 5z — 3 s0 /() =
fllu)  =sectu so f(u) =tanu
xii /(Zx ~ 1) 2 = 2(2:10 —1)F +c
u=g(z) =2—1 so ¢'(x) =2
flw)  =ul so f(u) = 3ul
xiv. /\/@ cos zdx = ;(smx)% +e
u=g(z) =sinz so ¢'(z) =cosz
{ flw =V so flu) = u?

Exercises 1.3

(Before reading the solutions, check all your answers by differentiating!)

1 1
1. /cos?xdm = ?/COS’?SU"?dJ? = ?sinh‘—l—c.

{ u = glx) =Tz, ¢x) =T
£ i

u) = cosu so f(u)=sinu
1 1
ii. /mexzd:p = = /ef”’2 2xdr = ~e* +c.
2 2

u = g(z)=2% ¢(x)=2x
f'(u) = e"so f(u) =e"

1
= (—4 = ——In(1 — 222 .
iii. /1—2x2 4/1—2x2 x)dx 4n( z°) +c
u = g(x)=1-22% ¢(v)=—4x
f(w) = +so f(u)=Ihu

1 11
iv. /$2(4x3 +3)%dr = 5 /(4x3 +3)° 120%de = — - —(42® +3)"0 ¢ =

12 10
u = g(x)=42%+3, ¢(z)= 1222
f/(u) = u’ so f(u) = 110u10

120

1
—(4z* +3) + ¢
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1 1
V. /sin(l + 3z)dx = 3 /sin(l +3z) - 3dx = ~3 cos(1+3z) +¢

{ u = g(x)=1+3z, ¢(x)=3
f(

u) = sinu so f(u) = —cosu

i 1
vi. /Slr\l/\a_g/idx:2/sin\/5-ﬁdx: —2cosv/x + c.

{ u = gle) = VE ¢(@) =5

f/(u) = sinu so f(u) = —COSU

1 1 1 1

{ u = g(x)=1-2% ¢(z)=—-2z
Flu) = 2 so f(w) = 2}

1 1
viii. /eSxd:c = g/e?’m - 3dx = ge?"r + c.
u = g(r)=3z, ¢(r)=3
) = e so flu) =

sin 6x 1 1 1
: . — —_ R i = —— 1 .
ix / tan 6zdr = / o 690 6| costn 6 sin 62 5 n(cos 6z) + ¢

u = g(x)=cosbzx, ¢'(xr)=—6sinbx
f(w) = Lsof(u)=hu



